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Lp − Lq BOUNDEDNESS OF FOURIER MULTIPLIERS
ASSOCIATED WITH THE ANHARMONIC OSCILLATOR
MARIANNA CHATZAKOU AND VISHVESH KUMAR
Abstract. In this paper we study the boundedness of the Fourier multipli-
ers associated with the eigenfunctions expansions of the anharmonic oscilla-
tor. Using the notion of a global symbol we extend a classical condition of
Ho¨rmander to guarantee the Lp-Lq boundedness of operators for the range
1 < p ≤ 2 ≤ q < ∞. As a consequence, we obtain the boundedness of spec-
tral multipliers of the anharmonic oscillator. We apply it to get embedding
theorems and time asymptotic for the Lp-Lq norms of the heat kernels for
the anharmonic oscillator. We acquire our main objective by investigating the
Paley type inequality and the Hausdorff-Young-Paley-type inequality in this
context. We also prove the r-nuclearity of functions of the anharmonic oscilla-
tor on modulation spaces and present a trace formula.
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1. Introduction
The main aim of this paper is to establish Lp-Lq boundedness of the Fourier
multipliers associated with the anharmonic oscillator on Rn. The bounded-
ness of Fourier multipliers is the central theme of harmonic analysis with its
far reaching applications in different areas. The boundedness results of Fourier
multipliers can be traced back to the seminal paper of Ho¨rmander [46] in 1960.
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Later, the Lp-boundedness of Fourier mutlipliers and spectral multipliers thor-
oughly investigated by several researchers in many different settings, we cite here
[5, 6, 15, 53, 7, 14] to mention a very few of them. In this paper we deal with
Lp-Lq multipliers as opposed to the Lp-multipliers for which theorems of Mihlin-
Ho¨rmander or Marcinkiewicz type provide results for Fourier multiplier in dif-
ferent settings based on the regularity of the symbol. The Lp-Lq boundedness
of Fourier multipliers and spectral multipliers on locally compact unimodular
groups and on compact homogeneous spaces is recently settled by Akylzhanov et
al. [3, 2, 1].
Anharmonic oscillators on Rn are important operators in analysis and math-
ematical physics, but also in number theory. The analysis of the energy levels
of the Schro¨dinger operator i∂tψ = −∆ψ + V (x)ψ can be reduced to the corre-
sponding eigenvalue problem of an operator of the form A = −∆ + V (x); the
so-called anharmonic oscillator.
Despite the intensive research on the solution of the eigenvalue problem associ-
ated to the anharmonic oscillator (cf. [4], [32], [35], [39], [40], [41], [58]), the exact
solution of it (even in the quartic case) is still unknown, see [49]. The literature
on the subject is vast and overviews can be found, for instance in [21].
In this work we establish the Lp−Lq boundedness of spectral multipliers of the
anharmonic oscillators A, (and in particular also of negative powers A−m, m > 0
of it), when V (x) = |x|2k, k ∈ N, and generalise A by considering higher order
derivatives. In particular, we consider A to be
A = Ak,l = (−∆)
l + |x|2k + 1 , k, l ∈ N. (1.1)
The Weyl-Ho¨rmander calculus associated to the anharmonic oscillator Ak,l that
has been developed in [21], will be used in order to prove the continuous inclusion
of the Sobolev spaces associated to Ak,l in the sense of Weyl-Ho¨rmander calcu-
lus to some suitable space, and finally get an estimate for the operator norm of
Fourier multipliers.
To prove the above, one needs to follow some classical techniques developed by
Ho¨rmander [46]. The Paley-type inequality describes the growth of the Fourier
transform of a function in terms of its Lp-norm. Interpolating the Paley inequal-
ity [45, 44] with the Hausdorff-Young inequality one can obtain the following
Ho¨rmander’s version of the Hausdorff-Young-Paley inequality,∫
Rn
|(Ff)(ξ)φ(ξ)
1
r
− 1
p′ |r

1
r
≤ ‖f‖Lp(Rn), 1 < p ≤ r ≤ p
′ <∞, 1 < p < 2.
(1.2)
Also, as a consequence of the Hausdorff-Young-Paley inequality, Ho¨rmander [46,
page 106] proves that the condition
sup
t>0
tb{ξ ∈ Rn : m(ξ) ≥ t} <∞,
1
p
−
1
q
=
1
b
, (1.3)
where 1 < p ≤ 2 ≤ q < ∞, implies the existence of a bounded extension
of a Fourier multiplier Tm with symbol m from L
p(Rn) to Lq(Rn). Recently,
Akylzhanov and Ruzhansky studied Ho¨rmander classical results for unimodular
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locally compact groups [3]. In [3], the key idea behind the extension of Ho¨rmander
theorem to the unimodular locally compact groups is the reformulation of this
classical theorem in terms of noncommutative Lorentz spaces and group von-
Neumann algebras of unimodular groups.
The following theorem is the Hausdorff-Young-Paley inequality in the setting
of the eigenfunction expansions of the anharmonic oscillators. This inequality is
obtained by interpolating the Paley-type inequality (Theorem 4.1) and Hausdorff-
Young inequality.
Theorem 1.1. Let 1 < p ≤ 2, and let 1 < p ≤ b ≤ p′ ≤ ∞, where p′ = p
p−1
. If
ϕ(j) is a positive sequence in N such that
Mϕ := sup
t>0
t
∑
j∈N
t≤ϕ(j)
‖uj‖
2
L∞(Rn)
is finite, then for every f ∈ Lp(Rn) we have(∑
j∈N
(
|FAk,lf(j)|ϕ(j)
1
b
− 1
p′
)b
‖uj‖
2−b
L∞(Rn)
) 1
b
.p M
1
b
− 1
p′
ϕ ‖f‖Lp(Rn). (1.4)
Here, (uj)j∈N are the eigenfunctions of the anharmonic oscillator Ak,l as in
(1.1) corresponding to the eigenvalues (λj)j∈N in decreasing order. We refer to
Section 2 and 3 for the notation and basics details about anharmonic oscillators
and associated Fourier analysis. In the statement of the theorem above, the L∞
norms of eigenfunctions of the anharmonic oscillator are being used. Although,
a little is known about the behaviour of the eigenfunctions of the anharmonic
oscillator, but for the harmonic oscillator, a particular case of the anharmonic
oscillator, the Lp-bounds, 1 ≤ p ≤ ∞, of the eigenfunctions (in this case, Hermit
functions) are explicitly known and well established (see [55, 50, 15]). The results
presented in Section 4 are new even in the setting of the harmonic oscillator on
Rn.
We prove the following theorem on the Lp-Lq boundedness of the Fourier mul-
tipliers associated with the anharmonic oscillator Ak,l.
Theorem 1.2. Let 1 < p ≤ 2 ≤ q < ∞. Let A be a Ak,l-Fourier multiplier with
Ak,l-symbol σA on R
n, that is, A satisfies
FAk,l(Af)(j) = σA(j)FAk,lf(j), j ∈ N,
where σA : N→ C is a function. Then we have
‖A‖Lp(Rn)→Lq(Rn) . sup
s>0
s
 ∑
j∈N
|σA(j)|≥s
‖uj‖
2
L∞(Rn)

1
p
− 1
q
.
As an application of Theorem 1.2 above we get the following theorem on the
boundedness of spectral multipliers of the anharmonic oscillator Ak,l.
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Corollary 1.3. Let 1 < p ≤ 2 ≤ q <∞, and let ϕ be any decreasing function on
[1,∞) such that limu→∞ ϕ(u) = 0. Then,
‖ϕ(Ak,l)‖Lp(Rn)→Lq(Rn) . sup
u>1
ϕ(u)
(
u2+
(k+l)n
2kl
) 1
p
− 1
q
. (1.5)
Corollary 1.3 helps us to obtain time asymptotic for the Lp-Lq norms of the
heat kernels associated with the anharmonic oscillator Ak,l (see Remark 4.10) and
to get the Sobolev type estimates in Remark 4.9. Finally, it allows us to prove
that the negative powers of anharmonic oscillators are bounded from Lp(Rn) to
Lq(Rn), see Corollary 4.8
In the last part of the paper we study the r-nuclearity of the spectral multipliers
of the anharmonic oscillator Ak,l on the modulation spaces. The traces, Schatten
classes and nuclearity of operators on the Lebesgue spaces and Modulation spaces
have been explored by many researchers in many different setting [8, 15, 16, 17,
18, 19, 20, 24, 25, 26, 30, 28, 42, 56, 57]. In particular, the Schatten classes
of the anharmonic oscillator Ak,l have been investigated in [21]. We prove the
following theorem concerning to the r-nuclearity of the spectral multiplier of the
anharmonic oscillator on the modulation spaces and compute the nuclear trace.
Theorem 1.4. Let 0 < r ≤ 1, 1 ≤ p, q < ∞ and w be a submultiplicative
polynomially moderate weight. The operator F (Ak,l) is r-nuclear on Mp,qw (R
n),
provided that
∞∑
j=1
|F (λj)|
r‖uj‖
r
Mp,qw
‖uj‖
r
Mp
′
,q
′
w−1
<∞ . (1.6)
If, in particular, (1.6) holds for r = 1, then we have the trace formula
Tr(F (Ak,l)) =
∞∑
j=1
F (λj) ,
where the series
∑∞
j=1 F (λj) converges absolutely.
2. Basics of the anharmonic oscillator
The anharmonic oscillator
Ak,l = (−∆)
l + |x|2k + 1 , x ∈ Rn , (2.1)
where ∆ stands for the Laplace-Betrami operator, and k, l ≥ 1 are integers, can
be served as a generalization of the harmonic oscillator −∆ + |x|2. We note
that the anharmonic oscillator Ak,l can be seen as a pseudo-differential operator
arising from the Weyl-quantization of the symbol a(x, ξ) = |ξ|2l + |x|2k + 1, i.e.,
Ak,l = a
w. In [21] the authors proved that, in the setting of Weyl-Ho¨rmander
calculus, we have
a ∈ S(Mk,l, g
k,l) ,
where the Ho¨rmander metric gk,l is given by
g
k,l
x,ξ(dx, dξ) =
dx2
(|ξ|2l + |x|2k + 1)
1
k
+
dξ2
(|ξ|2l + |x|2k + 1)
1
l
, (2.2)
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and the gk,l-weight Mk,l is given by
Mk,l(x, ξ) = |ξ|
2l + |x|2k + 1 . (2.3)
It is well-known from the general theory (c.f [47, Section 1.7]) that if σw is
an injective pseudo-differential operator on the Schwartz space S(Rn), whose
symbol σ ∈ S(M, g) is real and elliptic, then σw is an isomorphism on S(Rn) and
on S
′
(Rn); and moreover, its inverse is a pseudo-differential operator with real
and elliptic Weyl-symbol in the class S(M−1, g). We recall here that a symbol
σ ∈ S(M, g) is elliptic if for some R > 0
σ(x, ξ) ≥ CM(x, ξ) , for x, ξ > R ,C > 0 .
Simple calculations show that Ak,l is an injective operator on S(R
n), so that by
the above its inverse A−1k,l is a positive and compact operator, sinceM
−1(x, ξ)→ 0,
as (x, ξ) → ∞ (cf. [47, Theorem 1.4.2]). Recall that the Weyl quantization of
real-valued symbols give rise to self-adjoint pseudo-differential operators.
Therefore, as a consequence of the spectral theorem, there exists an orthonor-
mal basis, say (uj)j∈N, of L
2(Rn) made of eigenfunctions of Ak,l. Let (λj)j∈N be
the corresponding eigenvalues. For each m ∈ R one can then define the opera-
tor Amk,l using the functional calculus; that is the domain of A
m
k,l is the space of
functions
Dom
(
Amk,l
)
= {u ∈ L2(Rn) :
∞∑
j=1
λ2mj |〈uj, u〉L2|
2 <∞} , (2.4)
so that if u ∈ Dom
(
Amk,l
)
, then
Amk,lu =
∞∑
j=1
λmj 〈uj, u〉L2uj .
The following proposition shows that the Sobolev space relative to M−1k,l is
continuously emdedded in the space L∞(Rn). Before stating the proposition
let us recall that in the definition of the Sobolev spaces adjusted to the Weyl-
Ho¨rmander calculus.
Definition 2.1. Let g be a Ho¨rmander metric and let M be a g-weight. We de-
note by H(M, g) the Sobolev space relative to M , the set of tempered distributions
u on Rn such that
awu ∈ L2(Rn) , ∀a ∈ S(M, g) .
Proposition 2.2. For g = gk,l and for M = Mk,l as in (2.2) and (2.3), respec-
tively, we have that H(Mk,l, gk,l) is continuously included in L
∞(Rn).
J. Y. Chemin and C. J. Xu proved the following theorem, see [22, Theorem
1.9], on the Sobolev embeddings in the scale of Weyl-Ho¨rmander calculus.
Theorem 2.3. Let m1, m2 be two g-weights such that
lim
x, ξ→∞
m1(x, ξ)
m2(x, ξ)
=∞ ,
then H(m1, g) is compactly included in H(m2, g).
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Proof of Proposition 2.2. By [10, Theorem 8.8] we know that H(〈ξ〉p, g1,0) =
W 1,p(Rn) is continuously included in L∞(Rn) for all 1 ≤ p ≤ ∞. Now, by
Theorem 2.3, since
lim
x,ξ→∞
Mk,l(x, ξ)
〈ξ〉p
=∞ , for
p
2
≤ 2l ,
we get that H(Mk,l, g
1,0) is compactly included in W 1,p(Rn), and the proof is
complete by simply observing that H(Mk,l, g
k,l) ⊂ H(Mk,l, g
1,0). 
Recall that the metric g1,0 in the sense of (ρ, δ)-classes is given by
g
1,0
x,ξ(dx, dξ) = dx
2 +
dξ2
〈ξ〉
.
Here, let us notice that the exact solution of the eigenvalue problem associated
with the operator Ak,l is still unknown. However, one can recall the following
spectral properties of the above operator as appeared in [21]. In particular, [21,
Corollary 5.3] implies that A−1k,l ∈ Sr(L
2(Rn)) for r > (k+l)n
2kl
, where by Sr(L
2(Rn))
we have denoted the rth Schatten-von Neumann class of operators on the Hilbert
space L2(Rn), i.e., we have
∞∑
j=1
sj(A
−1
k,l ))
r <∞ ,
where by sj(A
−1
k,l ), j ∈ N, we have denoted the singular values of A
−1
k,l .
1 In
particular one has
sj(A
−1
k,l ) = o(j
− 1
r ) , as j →∞
while be using the following inequality for a compact operator T on a separable
Hilbert space H due to H. Weyl, see [59],
∞∑
j=1
|λj(T )|
p ≤
∞∑
j=1
sj(T )
p , p > 0 ,
we conclude that
λ−1j = λj(A
−1
k,l ) = o(j
− 1
r ) , as j →∞ , (2.5)
provided that both the eigenvalues as well as the singular values appear in de-
creasing order.
Finally, let us recall a well-known result on the estimate of the eigenvalue
counting function N(u) of Ak,l (cf. [11, Theorem 3.2]). In particular, it is known
that
N(u) . un(
1
2k
+ 1
2l) , as u→∞ . (2.6)
1The singular values of a compact operator T between Hilbert spaces are the square roots of
non-negative eigenvalues of the self-adjoint operator T ∗T , where T ∗ denotes the adjoint of T .
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3. Fourier analysis associated with the anharmonic oscillator
In this section we present the Fourier analysis associated with the eigenfunction
expansion of an anharmonic oscillator Ak,l of the form (2.1). The theory presented
here is an natural analogue of Fourier analysis developed in [54] in the setting of
nonharmonic analysis associated with a model operator. Therefore we will not
present any proofs for any of our statements which can be derived verbatim as in
[54].
As before, we denote by (uj)j∈N the eigenvalues of the operator Ak,l, and by
(λj)j∈N the corresponding eigenvalues in decreasing order.
The space
C∞Ak,l(R
n) := ∩∞m=1Dom(A
m
k,l) , (3.1)
where the domain of Amk,l is as in (2.4). The Fre´chet topology of C
∞
Ak,l
(Rn) is given
by the family of norms
‖f‖Cm
Ak,l
:= max
n≤m
‖Ank,lf‖L2(Rn), m ∈ N0, f ∈ C
∞
Ak,l
(Rn).
Since (uj)j∈N is dense in L
2(Rn) we have that C∞Ak,l(R
n) is dense in L2(Rn).
Ak,l-Fourier transform: Let S(N) be the space of rapidly decreasing func-
tions φ : N → C, i.e. for any N < ∞, there exists a constant Cφ,N such that
|φ(ξ)| ≤ Cφ,N〈ξ〉−N for all ξ ∈ N. The space S(N) forms a Fre´chet space with the
family of semi-norms pr(φ) := supξ∈N〈ξ〉
r|φ(ξ)|. The Ak,l-Fourier transform is a
bijective homeomorphism FAk,l : C
∞
Ak,l
(Rn)→ S(N) defined by
(FAk,lf)(ξ) := fˆ(ξ) :=
∫
Rn
f(x)uj(x) dx. (3.2)
The inverse operator F−1Ak,l : S(N)→ C
∞
Ak,l
(Rn) is given by
(F−1Ak,lh)(x) :=
∑
j∈N
h(ξ)uj(x)
so that the Fourier inversion formula is given by
f(x) =
∑
j∈N
fˆ(ξ)uj(x), f ∈ C
∞
Ak,l
(Rn). (3.3)
The space D′Ak,l(R
n) := L(C∞Ak,l(R
n,C)) of linear continuous functionals on
C∞Ak,l(R
n) is called the space of Ak,l-distributions. By dualizing the inverse Ak,l-
Fourier transform F−1Ak,l : S(N) → C
∞
Ak,l
(Rn), the Ak,l-Fourier transform extends
uniquely to the mapping
FAk,l : D
′
Ak,l
(Rn)→ S ′(N)
by the formula 〈FAk,lw, φ〉 := 〈w,F
−1
Ak,l
φ〉 with w ∈ D′Ak,l(R
n), φ ∈ S(N). The
space l2Ak,l := FAk,l
(
L2(Rn)
)
is defined as the image of L2(Rn) under the Ak,l-
Fourier transform. Then the space of l2Ak,l is a Hilbert space with the usual
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inner product (a, b)l2
Ak,l
:=
∑
j∈N(a(j), b(j)). Then the space l
2
Ak,l
consists of the
sequences of the Fourier coefficients of function in L2(Rn), in which Plancherel
identity holds, for a, b ∈ l2Ak,l,
(a, b)l2
Ak,l
= (F−1Ak,la,F
−1
Ak,l
b)L2 .
Now, we describe the p-Lebesgue versions of the spaces of Fourier coefficients.
These spaces can be considered as the weighted extension of the usual ℓp spaces
on the discrete set N.
Thus, we introduce the spaces lpAk,l = l
p(Ak,l) as the spaces of all a ∈ S ′(I)
such that
‖a‖lp(Ak,l) :=
(∑
j∈N
|a(j)|p‖uj‖
2−p
L∞(Rn)
)1/p
<∞, for 1 ≤ p ≤ ∞, (3.4)
and, for p =∞,
‖a‖l∞(Ak,l) := sup
j∈I
(
|a(j)| · ‖uj‖
−1
L∞(Rn)
)
<∞.
The following Hausdorff-Young inequality can be proved using standard inter-
polation technique similar to [54, Theorem 7.6].
Theorem 3.1 (Hausdorff-Young inequality). Let 1 ≤ p ≤ 2 and 1
p
+ 1
p′
= 1. For
all f ∈ Lp(Rn) we have(∑
j∈N
|FAk,l(f)(j)|
p′‖uj‖
2−p′
L∞(Rn)
) 1
p′
= ‖f̂‖lp′(Ak,l) ≤ ‖f‖Lp(Rn).
4. Lp-Lq boundedness of Fourier multipliers for 1 < p ≤ 2 ≤ q <∞
This section is devoted to the study of Lp-Lq boundedness of Fourier multipliers
and spectral multipliers associated with anharmonic oscillator Ak,l. To accomplish
this aim we will first prove two important inequalities in our setting ; namely, the
Paley-type inequality and the Hausdorff-Young-Paley inequality, which eventually
yield us the desired boundedness results.
4.1. Hausdorff-Young-Paley inequality. In [46], Lars Ho¨rmander established
a Paley-type inequality for the Fourier transform on Rn. The following inequality
is an analogue of this inequality for the Ak,l-Fourier transform on R
n. This
inequality is recently established for compact homogeneous spaces and for locally
compact unimodular groups [2, 3]. We will follow the proof strategy of [2, 3] in
the following arguments. In this direction, we present the following Paley-type
inequality.
Theorem 4.1 (Paley-type inequality). Let 1 < p ≤ 2. If ϕ(j) is a positive
sequence in N such that
Mϕ := sup
t>0
t
∑
j∈N
t≤ϕ(ξ)
‖uj‖
2
L∞(Rn) <∞,
L
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then for every f ∈ Lp(Rn) we have(∑
j∈N
|FAk,l(f)(j)|
p‖uj‖
2−p
L∞(Rn)ϕ(j)
2−p
) 1
p
.M
2−p
p
ϕ ‖f‖Lp(Rn). (4.1)
Proof. Let ν be the measure on N defined by ν({j}) := ϕ2(j)‖uj‖
2
L∞(Rn) for j ∈ N.
Now, we define weighted spaces Lp(N, ν), 1 ≤ p ≤ 2, as the spaces of complex (or
real sequences ) a = {aj}j∈N such that
‖a‖Lp(N,ν) :=
(∑
j∈N
|aj|
pϕ2(j) ‖uj‖
2
L∞(Rn)
) 1
p
<∞. (4.2)
We show that the sublinear operator A : Lp(Rn) :→ Lp(N, ν) defined by
Af :=
{
|FAk,l(f)(j)|
‖uj‖L∞(Rn)ϕ(j)
}
j∈N
is well-defined and bounded from Lp(Rn) to Lp(N, ν) for 1 < p ≤ 2. In other
words, we claim that we have the estimate
‖Af‖Lp(N, ν) =
(∑
j∈N
(
|FAk,l(j)|
‖uj‖L∞(Rn)ϕ(j)
)p
ϕ2(j)‖uj‖
2
L∞(Rn)
) 1
p
.M
2−p
p
ϕ ‖f‖Lp(Rn), (4.3)
which would give us (4.1) and where we set
Mϕ := sup
t>0
t
∑
ξ∈N
ϕ(j)≥t
‖uj‖
2
L∞(Rn).
To prove this we will show that A is of weak-type (2, 2) and of weak-type (1, 1).
More precisely, with the distribution function,
νN(y;Af) =
∑
j∈N
|Af(j)|≥y
‖uj‖
2
L∞(Rn)ϕ
2(j)
we show that
νN(y;Af) ≤
(
M2‖f‖L2(Rn)
y
)2
with norm M2 = 1, (4.4)
νN(y;Af) ≤
M1‖f‖L1(Rn)
y
with norm M1 = Mϕ. (4.5)
Then (4.3) will follows by the Marcinkiewicz interpolation Theorem. Now, to
show (4.4), using Plancherel identity we get
y2νN(y;Af) ≤ sup
y>0
y2νN(y;Af) =: ‖Af‖
2
L2,∞(N,ν) ≤ ‖Af‖
2
L2(N,ν)
=
∑
j∈N
(
|FAk,l(f)(j)|
ϕ(j)‖uj‖L∞(Rn)
)2
ϕ2(j)‖uj‖
2
L∞(Rn)
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=
∑
j∈N
‖FAk,l(f)(j)‖
2 = ‖FAk,l(f)‖
2
l2(L) = ‖f‖
2
L2(Rn).
Thus, A is type (2, 2) with norm M2 ≤ 1. Further, we show that A is of weak
type (1, 1) with norm M1 =Mϕ; more precisely, we show that
νN
{
j ∈ N :
|FAk,l(f)(j)|
ϕ(j)‖uj‖L∞(Rn)
> y
}
.Mϕ
‖f‖L1(Rn)
y
. (4.6)
Here, the left hand side is the weighted sum
∑
ϕ2(j)‖uj‖2L∞(Rn) taken over those
j ∈ N such that
|FAk,l(f)(j)|
ϕ(j)‖uj‖L∞(Rn)
> y. From the definition of the Fourier transform
it follows that
|FAk,l(f)(j)| ≤ ‖uj‖L∞(Rn)‖f‖L1(Rn).
Therefore, we get
y <
|FAk,l(f)(j)|
ϕ(j)‖uj‖L∞(Rn)
≤
‖f‖L1(Rn)
ϕ(j)
.
Using this, we get{
j ∈ N :
|FAk,l(f)(j)|
ϕ(j)‖uj‖L∞(Rn)
> y
}
⊂
{
j ∈ N :
‖f‖L1(Rn)
ϕ(j)
> y
}
for any y > 0. Consequently,
ν
{
j ∈ N :
|FAk,l(f)(j)|
ϕ(j)‖uj‖L∞(Rn)
> y
}
≤ ν
{
j ∈ N :
‖f‖L1(Rn)
ϕ(j)
> y
}
.
By setting w :=
‖f‖
L1(Rn)
y
, we get
ν
{
j ∈ N :
|FAk,l(f)(j)|
ϕ(j)
> y
}
≤
∑
j∈N
ϕ(j)≤w
ϕ2(j)‖uj‖
2
L∞(Rn).
We claim that ∑
j∈N
ϕ(j)≤w
ϕ2(j)‖uj‖
2
L∞(Rn) . Mϕw. (4.7)
In fact, we have∑
j∈N
ϕ(j)≤w
ϕ2(j)‖uj‖
2
L∞(Rn) =
∑
j∈N
ϕ(j)≤w
‖uj‖
2
L∞(Rn)
∫ ϕ2(j)
0
dτ.
We can interchange sum with integration to get∑
j∈N
ϕ(j)≤w
‖uj‖
2
L∞(Rn)
∫ ϕ2(j)
0
dτ ≤
∫ w2
0
dτ
∑
j∈N
τ
1
2≤ϕ(j)≤w
‖uj‖
2
L∞(Rn).
L
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Further, the substitution τ = t2, yields∫ w2
0
dτ
∑
j∈N
τ
1
2≤ϕ(j)≤w
‖uj‖
2
L∞(Rn) = 2
∫ w
0
tdt
∑
j∈N
t≤ϕ(j)≤w
‖uj‖
2
L∞(Rn)
≤ 2
∫ w
0
t dt
∑
j∈N
t≤ϕ(j)
‖uj‖
2
L∞(Rn).
Since
t
∑
j∈N
t≤ϕ(j)
‖uj‖
2
L∞(Rn) ≤ sup
t>0
t
∑
j∈N
t≤ϕ(j)
‖uj‖
2
L∞(Rn) =Mϕ
is finite by assumption, we have
2
∫ w
0
tdt
∑
j∈N
t≤ϕ(j)
‖uj‖
2
L∞(Rn) .Mϕw =
Mϕ‖f‖L1(Rn)
y
.
This proves (4.7). Therefore, we have proved inequality (4.4) and (4.5). Then
by using the Marcinkiewicz interpolation theorem with p1 = 1, p2 = 2 and
1
p
=
1− θ + θ
2
we now obtain(∑
j∈N
(
|FAk,l(f)(j)|
‖uj‖L∞(Rn)ϕ(j)
)p
‖uj‖
2
L∞(Rn)ϕ(j)
2
) 1
p
= ‖Af‖Lp(N,ν) .M
2−p
p
ϕ ‖f‖Lp(Rn),
yielding (4.1). 
The following theorem as in [9] is useful to obtain one of our crucial results.
Theorem 4.2. Let dµ0(x) = ω0(x)dµ(x), dµ1(x) = ω1(x)dµ(x), and write L
p(ω) =
Lp(ωdµ) for the weight ω. Suppose that 0 < p0, p1 <∞. Then
(Lp0(ω0), L
p1(ω1))θ,p = L
p(ω),
where 0 < θ < 1, 1
p
= 1−θ
p0
+ θ
p1
and ω = ω
p(1−θ)
p0
0 ω
pθ
p1
1 .
The following corollary is immediate.
Corollary 4.3. Let dµ0(x) = ω0(x)dµ(x), dµ1(x) = ω1(x)dµ(x). Suppose that
0 < p0, p1 < ∞. If a continuous linear operator A admits bounded extensions,
A : Lp(Y, µ) → Lp0(ω0) and A : Lp(Y, µ) → Lp1(ω1), then there exists a bounded
extension A : Lp(Y, µ) → Lb(ω) of A, where 0 < θ < 1, 1
b
= 1−θ
p0
+ θ
p1
and
ω = ω
b(1−θ)
p0
0 ω
bθ
p1
1 .
Using the above corollary we now present Hausdorff-Young-Paley inequality.
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Theorem 4.4 (Hausdorff-Young-Paley inequality). Let 1 < p ≤ 2, and let 1 <
p ≤ b ≤ p′ ≤ ∞, where p′ = p
p−1
. If ϕ(j) is a positive sequence in N such that
Mϕ := sup
t>0
t
∑
j∈N
t≤ϕ(j)
‖uj‖
2
L∞(Rn)
is finite, then for every f ∈ Lp(Rn) we have(∑
j∈N
(
|FAk,lf(j)|ϕ(j)
1
b
− 1
p′
)b
‖uj‖
2−b
L∞(Rn)
) 1
b
.p M
1
b
− 1
p′
ϕ ‖f‖Lp(Rn). (4.8)
Proof. From Theorem 4.1, the operator defined by
Af(j) :=
{
FAk,l(j)
‖uj‖L∞(Rn)
}
j∈N
,
is bounded from Lp(Rn) to Lp(N, ω0), where ω0 = ‖uj‖
2
L∞(Rn)ϕ(j)
2−p. From The-
orem 3.1, we deduce that A : Lp(Rn) → Lp
′
(N, ω1) with ω1(j) = ‖uj‖2L∞(Rn),
admits a bounded extension. By using the real interpolation one can prove that
A : Lp(Rn) → Lb(N, ω), p ≤ b ≤ p′, is bounded, where the space Lp(N, ω) is
defined by the norm
‖σ‖Lp(N,ω) :=
(∑
j∈N
|σ(j)|pw(j)
) 1
p
and ω(j) is positive sequence over N to be determined. Finally one can compute
ω, by using Corollary 4.3 for θ = p−b
b(p−2)
, and get
ω(j) = ω0(j)
p(1−θ)
p0 ω1(j)
pθ
p1 = ϕ(j)
1− b
p′ ‖uj‖
2−b
L∞(Rn). (4.9)
This completes the proof.

4.2. Lp-Lq boundedness. In this subsection we will prove the Lp-Lq bounded-
ness of Fourier multipliers related to the anharmonic oscillator Ak,l on R
n. This
was proved for the torus in [48] using a different method. We recall here that A
is an Ak,l-Fourier multiplier on R
n if it satisfies
FAk,l(Af)(j) = σA(j)FAk,lf(j), j ∈ N,
where σA : N→ C is a function.
Theorem 4.5. Let 1 < p ≤ 2 ≤ q < ∞. Let A be a Ak,l-Fourier multiplier with
Ak,l-symbol σA on R
n. Then we have
‖A‖Lp(Rn)→Lq(Rn) . sup
s>0
s
 ∑
j∈N
|σA(j)|≥s
‖uj‖
2
L∞(Rn)

1
p
− 1
q
.
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Proof. Let us first assume that p ≤ q′, where 1
q
+ 1
q′
= 1. Since q′ ≤ 2, the
Hausdorff-Young inequality gives that
‖Af‖Lq(Rn) ≤ ‖FAk,l(Af)‖ℓq′(Ak,l)
= ‖σAFAk,l(f)‖ℓq′(Ak,l) =
(∑
j∈N
|σA(j)|
q′|FAk,l(f)(j)|
q′‖uj‖
2−q′
L∞(Rn)
) 1
q′
.
The case q′ ≤ (p′)′ = p can be reduced to the case p ≤ q′ as follows. Using the
duality of Lp-spaces we have ‖A‖Lp(Rn)→Lq(Rn) = ‖A∗‖Lq′(Rn)→Lp′ (Rn). The symbol
σA∗(j) of the adjoint operator A
∗, which is also an Ak,l-Fourier multiplier, is equal
to σA(j) and obviously we have |σA(j)| = |σA∗(j)| (see Proposition 3.6 in [30]).
Now, we are in a position to apply Theorem 4.4. Set 1
p
− 1
q
= 1
r
. Now, by applying
Theorem 4.4 with ϕ(j) = |σA(j)|r with b = q′ we get
‖σAFAk,l(f)‖ℓq′(Ak,l) .
sup
s>0
s
∑
j∈N
|σA(j)|r≥s
‖uj‖
2
L∞(Rn)

1
r
‖f‖Lp(Rn)
for all f ∈ Lp(Rn), in view of 1
p
− 1
q
= 1
q′
− 1
p′
= 1
r.
Thus, for 1 < p ≤ 2 ≤ q <∞,
we obtain
‖Af‖Lq(Rn) .
sup
s>0
s
∑
j∈N
|σA(j)|r≥s
‖uj‖
2
L∞(Rn)

1
r
‖f‖Lp(Rn),
while alsosup
s>0
s
∑
j∈N
|σA(j)|r≥s
‖uj‖
2
L∞(Rn)

1
r
=
sups>0 s ∑
j∈N
|σA(j)|≥s
1
r
‖uj‖
2
L∞(Rn)

1
r
=
sup
s>0
sr
∑
j∈N
|σA(j)|≥s
‖uj‖
2
L∞(Rn)

1
r
= sup
s>0
s
 ∑
j∈N
|σA(j)|≥s
‖uj‖
2
L∞(Rn)

1
r
.
We have now proved Theorem 4.5. 
The following Corollaries present a Lp-Lq boundedness result for spectral mul-
tiplier associated with the anharmonic oscillator Ak,l.
Corollary 4.6. Let 1 < p ≤ 2 ≤ q <∞, and let ϕ be any decreasing function on
[1,∞) such that limu→∞ ϕ(u) = 0. Then,
‖ϕ(Ak,l)‖op . sup
u>1
ϕ(u)
(
u2+
(k+l)n
2kl
) 1
p
− 1
q
, (4.10)
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where ‖ · ‖op denotes the operator norm from L
p(Rn) to Lq(Rn).
Notice that, by the form of the operator Ak,l, it is enough to consider ϕ on
[1,∞).
Proof. Observe that the operator ϕ(Ak,l) is a Fourier multiplier with discrete
symbol (ϕ(λj))j∈N. Therefore an application of Theorem 4.5 yields
‖ϕ(Ak,l)‖op . sup
s>0
s
 ∑
j∈N
ϕ(λj )≥s
‖uj‖
2
L∞(Rn)

1
p
− 1
q
= sup
0<s≤ϕ(1)
s
 ∑
j∈N
ϕ(λj)≥s
‖uj‖
2
L∞(Rn)

1
p
− 1
q
(4.11)
since ϕ ≤ ϕ(1), so that s ∈ (0, ϕ(1)] can be written as s = ϕ(u). Now, by
Proposition 2.2, there exists C > 0 such that
‖uj‖L∞(Rn) ≤ C‖Ak,luj‖L2(Rn) ≤ Cλj‖uj‖L2(Rn) = Cλj , (4.12)
for every j ∈ N since the set (uj)j∈N is an orthonormal basis of L2(Rn). Hence,
combining (4.11) with (4.12) and using the monotonicity of ϕ we get
‖ϕ(Ak,l)‖op . sup
u>1
ϕ(u)
 ∑
j∈N
ϕ(λj)≥ϕ(u)
‖uj‖
2
L∞(Rn)

1
p
− 1
q
. sup
u>1
ϕ(u)
∑
j∈N
λj≤u
λ2j

1
p
− 1
q
.
(4.13)
Now, notice that as u → ∞, there exists some j0 ∈ N big enough such that
u ∼ λj0 . Then one can estimate∑
j∈N
λj≤u
λ2j . u
2
∑
j∈N
λj≤λj0
1 . u2N(λj0) . u
2λ
(k+l)n
2kl
j0
∼ u2+
(k+l)n
2kl , (4.14)
where N(λj0) is given by (2.6). Therefore, by combining (4.13) with (4.14) one
gets
‖ϕ(Ak,l)‖op . sup
u>1
ϕ(u)
(
u2+
(k+l)n
2kl
) 1
p
− 1
q
.
This completes the proof. 
Remark 4.7. Notice that one can estimate the operator norm ‖ϕ(Ak,l)‖op with ϕ
as in Corollary 4.6 just by using the fact that A−1k,l ∈ Sr(L
2(Rn)) for any r > (k+l)n
2kl
.
Indeed, by using that u ∼ λj0 for some j0 big enough, while also by (2.5) we have
that j
1
r . λj for any r >
(k+l)n
2kl
, one can alternatively get the following estimate
∑
j∈N
λj≤u
λ2j .
∑
j∈N
λj≤λj0
λ2j ≤ λ
2
j0
j0∑
j=1
1 = j0λ
2
j0
. λ2j0λ
r
j0
∼ u2+r , (4.15)
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so that by combining (4.13) with (4.15) yields
‖ϕ(Ak,l)‖op . sup
u>1
ϕ(u)
(
u2+r
) 1
p
− 1
q . (4.16)
Observe that the estimate (4.10) is slightly better than the one given by (4.16),
since r > (k+l)n
2kl
.
Corollary 4.8. The operator A−mk,l for m >
(
2 + (k+l)n
2kl
)(
1
p
− 1
q
)
is bounded from
Lp(Rn) to Lq(Rn). In particular, the operator A−mk,l is bounded from L
2(Rn) to
L2(Rn) for any m ≥ 0.
Proof. Let ϕ = ϕ(u) := u−m, for u ≥ 1 and m > 0. Then, ϕ satisfies the
hypothesis of Corollary 4.6 and we have
‖A−mk,l ‖Lp(Rn)→Lq(Rn) . sup
u>1
u−mu
Cn,k,l( 1p−
1
q ) <∞ ,
for Cn,k,l
(
1
p
− 1
q
)
< m, where Cn,k,l = 2 +
(k+l)n
2kl
. 
Remark 4.9. [Sobolev-type estimates] If we choose
ϕ = ϕ(u) :=
1
ua−b
, u ≥ 1 ,
then ϕ satisfies the hypothesis of Corollary 4.6, and so for f ∈ S(Rn) we have
‖A−ak,lA
b
k,lf‖Lq(Rn) . ‖f‖Lp(Rn) ,
for a, b being such that a − b ≥ Cn,l,k ·
(
1
p
− 1
q
)−1
, where Cn,l,k = 2 +
(k+l)n
2kl
, and
for 1 < p ≤ 2 ≤ q <∞, or equivalently
‖Abk,lf‖Lq(Rn) . ‖A
a
k,lf‖Lp(Rn) . (4.17)
Observe that for p = q = 2 inequality (4.17) can be rewritten in terms of Sobolev
spaces in Weyl-Ho¨rmander calculus as
‖f‖H(Mb
k,l
,gk,l) ≤ ‖f‖H(Mak,l,gk,l) , a ≥ b , (4.18)
where the Sobolev space H(Mmk,l, g
k,l), m ∈ R, for Mk,l, gk,l being as in (2.3) and
(2.2), respectively, can be identified (see [21, Section 4]) with the Sobolev space
associated with Ak,l; that is the space
Amk,l = {u ∈ S
′
(Rn) : Amk,lu ∈ L
2(Rn)} .
In particular, (4.18) implies thatH(Mak,l, g
k,l) is continuously included inH(M bk,l, g
k,l)
for a ≥ b, as one also expects after applying Theorem 2.3 for m1 = Mak,l and
m2 = M
b
k,l.
Finally, we note that for a ≥ Cn,l,k ·
(
1
p
− 1
q
)−1
, b = 0, we get the Sobolev-type
estimate
‖f‖Lq(Rn) ≤ C‖A
a
k,lf‖Lp(Rn) .
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Remark 4.10. [The Ak,l-heat equation] For the operator Ak,l we consider the heat
equation
∂tv + Ak,lv = 0 , v(0) = v0 . (4.19)
One can check that for each t > 0 the function v(t) = v(t, x) := e−tAk,lv0 is a
solution of the initial value problem (4.19). For t > 0, consider the function
ϕ = ϕ(u) := e−tu. Now, ϕ satisfies the assumptions of Corollary 4.6 and we get
‖e−tAk,l‖Lp(Rn)→Lq(Rn) . sup
u>0
e−tu · u−Cn,k,l(
1
p
− 1
q ) , (4.20)
for 1 < p ≤ 2 ≤ q < ∞. Using techniques of standard mathematical analysis we
see that
sup
u>0
e−tu · uCn,k,l(
1
p
− 1
q ) =
(
Cn,k,l
t
(
1
p
−
1
q
))Cn,k,l( 1p− 1q )
· e−Cn,k,l(
1
p
− 1
q )
= Cp,qt
−Cn,k,l( 1p−
1
q ) . (4.21)
Indeed, let us consider the function g(u) = e−tuuCn,k,l(
1
p
− 1
q ), and compute its
derivative
g
′
(u) = uCn,k,l(
1
p
− 1
q )−1e−tu
(
Cn,k,l
(
1
p
−
1
q
)
− ut
)
.
The only zero of the derivative g
′
is taken for u0 =
Cn,k,l
t
(
1
p
− 1
q
)
and g
′
changes
sign from positive to negative at u0. Thus, g attends a maximum at u0 and the
last implies (4.21). Finally, combining (4.20) with (4.21) we obtain
‖v(t, ·)‖Lq(Rn) . Cp,qt
−Cn,k,l( 1p−
1
q ) ‖v0‖Lq(Rn) ,
where Cn,k,l = 2 +
(k+l)n
2kl
.
5. r-nuclearity of the anharmonic oscillator on modulation
spaces
This section contains a short exposition of nuclear operators on Banach spaces
with the metric approximation property, and their corresponding trace as defined
by Grothendieck in [37]. In particular, we consider an application of the nuclear-
ity concept to the study of the anhramonic oscillator Ak,l on the mixed normed
spaces Mp,qw , 1 ≤ p, q <∞, on R
n; the so-called modulation spaces.
Any finite rank operator T from a Banach space B to B admits a representation
T =
n∑
j=1
ϕj ⊗ ψ
′
j , where (ϕj)
n
j=1 ⊂ B and (ψ
′
j)
n
j=1 ⊂ B
′
(5.1)
One defines the norm
N(T ) := inf
{ n∑
j=1
‖ψ′j‖B′‖ϕj‖B
∣∣∣T obeys (5.1)} ,
L
p
− L
q
BOUNDEDNESS OF FOURIER MULTIPLIERS 17
where the infimum is taken over all representations of T as in (5.1). It can be
seen that the quantity
Tr(T ) =
n∑
j=1
〈ϕj , ψ
′
j〉B,B′ ,
is independent of the choice of the representation, defining Tr(·) on finite rank
operators. Clearly for f ∈ B we have
‖Tf‖B ≤ N(T )‖f‖B ,
so that if (Tn) is Cauchy with respect to the N -norm, it is also Cauchy in ‖ · ‖B.
The completion of the finite rank operators in N , denoted by N (B), shall be
called the family of nuclear operators on B; that is T ∈ N (B) if
T =
∞∑
j=1
ϕj ⊗ ψ
′
j , where (ϕj)
∞
j=1 ⊂ B and (ψ
′
j)
∞
j=1 ⊂ B
′
, (5.2)
where
∑∞
j=1 ‖ψ
′
j‖B′‖ϕj‖B < ∞, and Tr(·) extends to linear functional on N (B)
by
Tr(T ) =
∞∑
j=1
〈ϕj , ψ
′
j〉B,B′ . (5.3)
Grothendieck [37] proved that Tr(·) is well defined for all T ∈ N (B) if and only if
B has the metric approximation property, that is, if for every compact set K ⊂ B
and ǫ > 0, there exists an operator F of finite rank such that ‖x− Fx‖B < ǫ for
all x ∈ K, see [51, Lemma 10.2.20].
We note that nuclear operators agree with the concept of trace class operators
in the setting of Hilbert spaces. Lidski˘i [43] proved that if T is a trace class
operator on a separable Hilbert space H, then Tr(T ) =
∑∞
j=1 λj, with each
eigenvalue repeated accordingly to multiplicity. Additionally, Lidski˘i proved that
even on Banach spaces with the metric approximation property Lidski˘i formula
does not hold in principle. To this end, Grothendieck [37] introduced the following
classes of operators.
Let B be a Banach space and 0 < r ≤ 1; a linear operator T ∈ L(B,B) having
a representation as in (5.2) and such that
∞∑
j=1
‖ψ′j‖
r
B′
‖ϕj‖
r
B <∞ ,
is called r-nuclear. We associate a quasi-norm nr(T ) by
nr(T )
r := inf
{ ∞∑
j=1
‖ψ′j‖
r
B
′‖ϕj‖
r
B
}
,
where the infimum is taken over any representation of T as in (5.2). When r = 1,
the 1-nuclear operators agree with the nuclear operators. In [37], Grothendieck
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proved that if T ∈ L(B,B) is a 2
3
-nuclear operator, and B has the approximation
property, then for the trace of T calculated as in (5.3) we have
Tr(T ) =
∞∑
j=1
λj ,
where each eigenvalue is repeated according to multiplicity.
The Banach spaces C(X), where X is a compact topological space, as well as
Lp(µ) for any measure µ and for 1 ≤ p < ∞, satisfy the metric approximation
property (cf. [51]).
In this work we consider operators on modulation spaces Mp,qw on R
n, intro-
duced by Feichtinger in [34], which are (under some conditions on the weight
function w) Banach spaces with the metric approximation property. Roughly
speaking a modulation space is defined by imposing a quasi-norm estimate on
the short-time Fourier transform (STFT) Vgf of the involved distributions f .
Formally,
Definition 5.1. For a suitable weight w on R2n, 1 ≤ p, q < ∞ and a window
function g ∈ S(Rn), we define the modulation space Mp,qw (R
n) to be the set of
tempered distributions f ∈ S
′
(Rn) such that
‖f‖Mp,qw :=
(∫
Rn
(|Vgf(x, ξ)|
pw(x, ξ)p dx)
p
q dξ
) 1
p
<∞ ,
where Vgf denotes the short-time Fourier transform of f with respect to g at the
point (x, ξ), i.e., given by
Vgf(x, ξ) =
∫
Rn
f(y)g(y − x)e−iy·ξ dy .
The modulation space Mp,qw (R
n) endowed with the above norm becomes a
Banach space.
Recall that a weight function is a non-negative, locally integrable function on
R
2n. A weight function u is called submultiplicative if
u(x1 + x2) ≤ u(x1)u(x2) , for all x1, x2 ∈ R
2n ;
a weight function v is called u-moderate if
v(x1 + x2) ≤ u(x1)v(x2) , for all x1, x2 ∈ R
2n .
Weights vs, s ∈ R, of polynomial type; that is weights of the form
vs(x, ξ) = (1 + |x|
2 + |ξ|2)
s
2 ,
play an important role. Any vs moderated weight function for some s will be
called polynomially moderated.
Polynomially moderate weights give rise to modulation spaces with the metric
approximation property. In particular, we have the following Corollary as in [29,
Corollary 3.1].
Corollary 5.2. Let 1 ≤ p, q < ∞, and let w be a submultiplicative polynomially
moderate weight. Then Mp,qw (R
n) has the metric approximation property.
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Thus, for T ∈ N (Mp,ww ) with a representation as in (5.2) we have
Tr(T ) =
∞∑
j=1
〈φj, ψ
′
j〉Mp,qw ,Mp
′
,q
′
w−1
, for (ϕj)j ⊂M
p,q
w , (ψ
′
j)j ⊂M
p
′
,q
′
w−1 ,
under the duality
〈f, h〉
Mp,qw ,M
p
′
,q
′
w−1
=
∫
R2n
Vgf(x, ξ)Vgh(x, ξ) dx dξ , (5.4)
for f ∈ Mp,qw , h ∈M
p
′
,q
′
w−1 = (M
p,q
w )
′
.
Note that the duality (5.4) is different, with respect to taking the complex con-
jugate, from the one in [36] to make it compatible with the Grothendieck’s theory.
The main result of this section is an application of the next Corollary as in [29,
Corollary 5.1].
Corollary 5.3. Let 0 < r ≤ 1, 1 ≤ p, q < ∞ and w be a submultiplicative
polynomially moderate weight. An operator T ∈ L(Mp,qw ,M
p,q
w ) is r-nuclear if
and only if its kernel k(x, y) can be written in the form
k(x, y) =
∞∑
j=1
φj ⊗ ψ
′
j ,
with φj ∈Mp,qw , ψ
′
j ∈ M
p
′
,q
′
w−1 and
∞∑
j=1
‖φj‖
r
Mp,qw
‖ψ′j‖
r
Mp
′
,q
′
w−1
<∞ .
Moreover, if T is r-nuclear with r ≤ 2
3
, then
Tr(T ) =
∞∑
j=1
λj , (5.5)
where λj, j = 1, 2, · · · , are the eigenvalues of T repeated according to multiplicity.
In the context of a general Banach space with the approximation property, the
range of r (r ≤ 2
3
) in the r-nuclearity is sharp for the trace formula (5.5). However,
the above condition on r can be relaxed if one considers for instance traces in
the Lp spaces (cf. [25], [52]). The next Theorem shows that trace formula (5.5)
might still holds true in the context of an operator F (Ak,l) ∈ L(Mp,qw ,M
p,q
w ) for
even larger values of r, and in particular even for simply nuclear operators (case
r = 1).
Recall that by the spectral Theorem we have
Ak,l =
∞∑
j=1
λjuj ⊗ uj , where (uj)j, (uj)j ∈ L
2(Rn) ,
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that is
Ak,lf =
∞∑
j=1
λj〈f, uj〉L2uj .
Hence, the kernel of Ak,l can be written as
k(x, y) =
∞∑
j=1
λjuj(x)uj(y) .
This can be justified by taking N > 0 large enough so that
∑∞
j=1 λ
−N
j < ∞ and
the kernel of A−Nk,l can be decomposed as
kA−N
k,l
(x, y) =
∞∑
j=1
λ−Nj uj(x)uj(y) .
More generally, for functions F of Ak,l, the kernel can be expressed in the form
kF (Ak,l) =
∞∑
j=1
F (λj)uj(x)uj(y) .
Theorem 5.4. Let 0 < r ≤ 1, 1 ≤ p, q < ∞ and w be a submultiplicative
polynomially moderate weight. The operator F (Ak,l) is r-nuclear on Mp,qw (R
n),
provided that
∞∑
j=1
|F (λj)|
r‖uj‖
r
Mp,qw
‖uj‖
r
Mp
′
,q
′
w−1
<∞ . (5.6)
If, in particular, (5.6) holds for r = 1, then we have the trace formula
Tr(F (Ak,l)) =
∞∑
j=1
F (λj) , (5.7)
where the series
∑∞
j=1 F (λj) converges absolutely.
Note that the modulation space Mp,qw corresponds to a weight of the form
w(x, ξ) = (1 + |x|2 + |ξ|2)
s
2 , while the STFT of f with respect to g, Vgf is taken
with respect to the standard Gaussian window g(x) = 2
n
4 e−πx
2
.
Proof. The first part follows from Corollary 5.3. Formula (5.7) is expected from
the general Grothendieck’s theory in the case where r ≤ 2
3
. For r = 1, by (5.3)
we obtain
Tr(F (Ak,l)) =
∞∑
j=1
F (λj)〈uj, uj〉
Mp,qw ,M
p
′
,q
′
w−1
=
∞∑
j=1
F (λj) ,
since by the duality (5.4) we have
〈uj, uj〉
Mp,qw ,M
p
′
,q
′
w−1
= 〈Vguj , Vguj〉L2 = 〈uj, uj〉L2‖g‖L2 = 1 ,
since 〈uj, uj〉L2 = ‖g‖L2 = 1, where we have used the orthogonality relations for
the STFT, i.e., that
〈Vg1f1, Vg2f2〉L2 = 〈f1, f2〉L2〈g1, g2〉L2 , for f1, f2, g1, g2 ∈ L
2 .
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The series in (5.7) converges absolutely in view of
∞∑
j=1
|F (λj)| =
∞∑
j=1
|F (λj)|〈uj, uj〉L2 =
∞∑
j=1
|F (λj)|〈uj, uj〉
Mp,qw ,M
p
′
,q
′
w−1
≤
∞∑
j=1
|F (λj)|‖uj‖Mp,qw ‖uj‖Mp
′
,q
′
w−1
<∞ ,
which is finite by assumption. This completes the proof. 
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